Abstract-The capacity gain of MIMO systems significantly depends on the fading correlation between antennas, and there is no analytical study which considers the fading correlation in the troposcatter communications. In this paper, we develop an analytical model, ring scatter model (RSM), to derive the fading correlation in the troposcatter systems as a function of spatial, frequency and angular separations for the first time in the literature. In addition, we compare the effects of the diversity techniques that are suitable for troposcatter communications: space, frequency, angle and space-frequency diversity techniques by deriving the distribution of their achievable data rates with transmit beam-forming. To this end, we extend our previously introduced troposcatter channel model [1] for the implementation of MIMO-OFDM and the diversity techniques.
Troposcatter medium is a lossy wave-guide due to high path lengths and scattering. Thus, the implementation of diversity techniques is required to provide reliable and high data rate b-LoS troposcatter systems. The main diversity techniques for troposcatter communications are space, frequency and angle diversity. In addition, the combination of diversity techniques may be utilized to increase the spectral efficiency with less cost. For example, the space-frequency diversity employs horizontally placed antennas utilizing frequency diversity. Since the frequency diversity receivers can be mounted on the same parabolic reflector, quad diversity can be achieved with only 2 antennas in each side. Therefore, the main objective of this paper is to analyze the correlation between antennas in these diversity techniques to determine the proper spacings to achieve the desired gains for the first time in the literature.
The contribution of this paper is twofold: Firstly, we develop an analytical model for the fading correlation of the troposcatter antennas utilizing space, frequency and angle and spacefrequency diversity techniques for the first time. These diversity techniques are employed by the modern troposcatter systems [2] , but there are no analytical fading correlation studies. Therefore, we develop the Ring Scatter Model (RSM) to analyze the fading correlation in troposcatter links and compare our results with the empirical values provided by the industry [2] , ITU [3] , and the experimental results [4] [5] [6] [7] [8] [9] . In addition, one of the most important contributions of this work is the prediction of 50% coherence bandwidth based on the frequency separation results. In this way, the fading behavior of the channel can be determined for a given channel parameters. Secondly, we compare the employment of different diversity techniques with the distribution of achievable data rates by extending our previously proposed ray-based channel model approach for troposcatter communications [1] . Our ray-based channel model is a raytracing method which calculates the power and delay of each ray to generate power delay profile (PDP). The novelty of our approach is to use the real world measurements for atmospheric modeling, thus each ray is subjected to different conditions according to its height (For more details, see [1] ). In this work, we extend our approach to implement the diversity techniques and MIMO-OFDM.
The reminder of the paper is organized as follows. Section II presents the related work. Section III provides the RSM fading model. In Section IV, the ray-based channel model is reviewed. Sections V and VI include the formulation and simulation results for the data rates for the diversity techniques, respectively. The conclusions are presented in Section VII.
II. RELATED WORK
Although the fading correlation is well studied especially in mobile links [10] , [11] , [13] , there is no theoretical study which considers the fading correlation in the troposcatter links. Therefore, our main aim is to analyze the fading correlation in different diversity schemes: space, frequency, angle, and space-frequency diversity techniques. On the other hand, there are empirical recommendations for these diversity techniques for the antennas to be uncorrelated [2] , [3] . In addition, there are available experimental studies which considers the fading correlation in the troposcatter links. [6] , [7] provides the fading correlation results for space diversity along with the fading statistic of the channel. According to their results, the channel shows Rayleigh fading under low integration times. [4] , [5] focus on frequency correlation in the troposcatter links. The correlation and path-loss results for the angle diversity systems are provided in [8] , [9] . We utilize these empirical suggestions and experimental studies to to validate our results.
To model the fading correlation, there are several methods. For this purpose, the fading correlation can be determined by channel sounding experiments [10] . However, the cost of channel sounding experiments for troposcatter is too high due to the requirement for high power amplifiers and large antennas. Therefore, the correlation between antennas may be determined via analytical studies. This is the main reason for this paper. In addition, one of the most popular fading correlation model is "One Ring" model, which is first introduced in [13] . In this model, the receiver is assumed to be surrounded by local scatterers and the correlation between the antennas are determined by using channel geometry calculations. However, the scatterers in troposcatter channel are located in the troposcatter common volume as in Fig. 1 unlike the one ring model. Therefore, we develop the RSM for the fading correlation in the troposcatter system based on the methodology in [11] , [13] by using the troposcatter channel geometry [14] . We extend RSM to analyze space, frequency, angle and space-frequency diversity fading correlation calculations.
III. RING SCATTER MODEL FOR TROPOSCATTER FADING CORRELATIONS
To achieve the desired gains with MIMO, the antennas should have desired correlation values. Thus, we develop an analytical model, ring scatter model (RSM), to investigate the fading correlations in the main diversity techniques that are suitable for the b-LoS troposcatter communications: space, frequency and angle diversity. In addition, the combination of diversity techniques also has a potential to provide higher achievable data rates. Therefore, space-frequency diversity which is the combination of space and frequency diversity is introduced and investigated as well.
RSM fading correlation analysis are developed for singleuser to single-user communication link. Troposcatter link has M t,r antennas at the transmitter and receiver sides, respectively. Therefore, the channel response in frequency domain
where r M r ×1 is the received signal vector, s M t ×1 represents the transmit vector, v M r ×1 is additive-white-Gaussian-noise (AWGN). The remainder of the section includes the scattering model, and the RSM method for the diversity techniques.
A. Scattering Model
The troposcatter power depends on both the path geometry and the atmospheric turbulence. Therefore, both of these factors will have strong effects on the correlation analysis. The troposcatter is caused by the atmospheric scintillations due the the changes in the refractive index of the atmosphere. According to the turbulence characteristics, the scattering can be modeled as single or multiple scattering [16] , [27] . The microwave propagation in the troposphere is related to the tenuous distribution of the particles, and it can be modeled with the first order multi-scattering approximation in the tenuous medium for a unit particle as [16] , [27] 
where λ is the wavelength, P t,r are the transmitter and receiver power. G t,r are the antenna gains which are modeled with Gaussian pattern. R t,r are the distances between scattering point to transmitter and receiver respectively. σ V (î,ô, n) is the scattering cross-section, whereî is the incoming ray vector,ô is the scattered ray vector, and n is the index of refraction. τ t,r are the optical distances for R t,r [16] . In correlation calculations, the constant terms can be omitted to simplify the model because they will have no effect: λ 2 and (4π) 3 in (2). In addition, the terms that have very slight changes can be eliminated. R 2 t R 2 r term in of (2) will also show very slight changes due to narrow beam-widths. For 250 km range and 1.5 • beam-width, the ratio of the minimum path over maximum path (R Min t /R Max t ) is found as 0.9992. Thus, this term can be eliminated to simplify the model. Furthermore, the τ t,r are the path integral of the R t and R r over the index of refractions and and they represents the effect of the scattering particles between the antennas and the common volume. Since the expected antenna spacing in space diversity (≈ 100λ R), and no spacing for the frequency and angle diversity, the values for optical distances will be almost the same for each ray. Therefore, we eliminate the exp(−τ t − τ r ) in (2) as well. To model the atmospheric turbulence, we use BookerGordon model [16] instead of the Kolmogorov theory which is utilized in [1] because the correlation within the atmospheric turbulence can be directly modeled with Booker-Gordon model. In this model, the correlation function of the atmospheric scintillations is modeled with the exponential function, and it is given as [16] 
where l x,y are the horizontal and vertical distance to the reference point, and l c x,y are the correlation distances of the turbulence for vertical and horizontal axis. For troposcatter, l c y is approximately ≈50 m and it varies 20-130 m according to the atmospheric conditions [16] . Since l c x is much greater than l c y as in [16] , we assume that l x = 4 × l y [16] .
The geometry dependency of the scattering cross-section can be determined with sin(Ψ) −11/3 as experimentally validated in [9] . With the proposed simplifications for the correlation analysis, the resulting power relationship in the troposcatter channel is found as
where D T j is the distance between scatterer (S(r, θ)) and transmitter j, and D R i is the distance between scatterer S(r, θ) and receiver i as in Fig. 2 . Since the antenna gains will change dramatically for 10 dB beam-widths, we include the antenna gains in the model as well. The scattering model which is considered in this paper is developed for the clear air atmospheric turbulence between 1-10 GHz because the atmospheric correlation model is valid for the clear air conditions and the scattering power relationship depends on the Rayleigh scattering which is more accurate for 1-10 GHz [16] . In addition, we assume that the transmitter and receiver have the same vertical orientation for simplicity. Therefore, we consider only the symmetrical troposcatter paths in this paper. However, our model can be extended for nonsymmetrical cases with geometrical approximations.
B. RSM Model
In troposcatter, only the scattered rays inside the troposcatter common volume can be received due to path geometry as in Fig. 1 . The scattered rays outside of this region will reach the receiver with either lower or higher angles than the 10 dB beam-width of the receiver. Although the scattering particles are located through the troposphere, we only consider the scatterers that are located in a ring within the intersection of the transmitter and receiver 10 dB beam-widths as in Fig. 2 . The boundaries for the scatterers is given as θ in [−π, π) and r in [0, r 10dB ]. The radius of the rings are given by
where R t is the path between the center of the rings and transmitter. w 3dB t and w 10dB t are the transmitter 3 dB and 10 dB beam-widths, respectively.
To maximize the received power, the 3 dB beam-widths of the antennas are adjusted to the radio horizon as in Fig. 2 [1] , [14] . Therefore, the lower part of the ring (the darker region in Fig. 2 ) will be blocked by the path geometry due to the curvature of the earth. Since RSM method utilizes the 10 dB beam-widths, the lower part of the ring will be eliminated from the correlation calculations as described in Appendix A.
Due to the troposcatter geometry, the path-loss observed by the both end of the communication is symmetrical [2] . The troposcatter links generally utilize the same type of antennas at the both ends. For these reasons, we assume that the troposcatter path is symmetrical. Thus, we have w 3dB
where α 0 and β 0 are the elevations of the antenna beams with respect to horizon for transmitter and receiver, respectively [1] . R is the horizontal distance between transmitter and receiver.
Since the b-LoS troposcatter communication does not have any line-of-sight component, only the scattered rays are considered in RSM and the power of the scattered rays are determined by (4) . Suppose that there are K effective scatterers in each ring and L rings within the common volume. Thus, the normalized path gain H i, j is represented as [11] 
ζ(r, θ) is defined to exclude the lower part of the ring as described in Appendix A. G t,r (r, θ) are the antenna gains, as defined in Appendix B. In Section III-A, the multi-scatter nature of the troposcatter is approximated by the single scattering [16] . Therefore, the phase (φ(r, θ)) is assumed as uniformly distributed [−π, π) and iid. Thus, phase term is canceled in the correlation analysis as in [11] .
For the fading correlation analysis, H M r ×M t matrix is reshaped into h M r M t ×1 vector. In this case, the fading correlation between different antenna pairs becomes the covariance between h i, j and h l,q that can be represented as E[ h i, j h * l,q ] where (. * ) is the conjugate operation [11] .
C. Space Diversity
We assume that there are infinitely many scatterers inside the scattering common volume, thus L and K in (7) go to infinity. By using (7), the spatial fading correlation between different troposcatter antenna pairs is represented as (8) where ΔD T j,q = D T j − D T q is the path length difference between local scatterer to transmitters j and q, and ΔD R i,l = D R i − D R l is the path length difference between local scatterer to receivers i and l. ξ(r, θ) function represents the sin(Ψ 1 ) −11/3 × sin(Ψ 2 ) −11/3 term as a function of r and θ as defined in Appendix C. B n is the correlation function (3). Since the reference point is assumed as the center of the ring, the vertical and horizontal distance from the reference can be simply find by |r sin(θ)| and |r cos(θ)|, respectively.
Since troposcatter paths use low beam-widths and elevation angles, (8) can be simplified by using geometrical approximations. For low beam-widths, , θ) ), where sin(Ω(r, θ)) ≈ r/R t sin(θ), and cos(Ω(r,
y are the vertical and horizontal spacing of the transmitters. R t is the distance between transmitter and the center of the troposcatter common volume as in Fig. 2 . Since the troposcatter path is assumed as symmetrical, R t = R r and given as
By using the geometrical approximations,
We only consider horizontal space diversity because it is the most common type of spatial diversity for troposcatter. Therefore, x axis component of the receive and transmit antennas becomes d T x = d R x = 0. Since the troposcatter channel is symmetrical for transmit and receive sides, the correlation calculations that are developed for one side will be valid for the other side as well. For this reason, we only focus on the correlation between two receivers which are communicating with the same transmitter. This condition implies that d T y = 0. By using (8) , (10) and geometrical approximations, the correlation for horizontally spaced receivers is given as
(11) (11) can be solved with numerical integration on MATLAB. The calculated correlation results are normalized based on the zero spacing value which has the correlation of 1. Fig. 3(a) shows the correlation vs. antenna spacing to wavelength ratio (d/λ) by (11) for 250 km range and l c y = 50 m. As noticed, the increase in the beam-width decreases the correlation at the same ratio. The increase in the beam-width increases r 10dB by virtue of (5), and this condition also increases the troposcatter common volume. As the common volume increase, the separations between scatterers have higher distances and less correlation. Fig. 3(b) shows the spatial correlation results for different vertical correlation distances for 1.5 • 3 dB beamwidths. As noticed, there is a inverse relationship between the correlation distance and correlation.
According to [2] , the antennas should be placed at least 100λ or higher distance apart to achieve low correlation values. Our results in Fig. 3 (a) also show that 100λ spacing is required for 1 • and 1.5 • beam-widths to achieve low correlation values. [6] , [7] . However, some deviations between the theoretical and experimental results can be observed in these figures. Since the RSM considers the clear air propagation, the real world atmospheric conditions may causes changes in the correlation values. On the other hand, the general trend of the correlations can be well-estimated with RSM.
D. Frequency Diversity
For frequency diversity, the effect of the frequency separation is reflected in the system with the small change in wavelength (λ) in (7) . In this way, the wavelength for antenna pairs will slightly differ. Therefore, the resulting covariance of (7) for antennas having frequency separation is represented as
where λ j = c/( f + Δ f ), λ q = c/ f , and Δ f is the frequency separation. Therefore, the path calculations in (12) becomes
Firstly, we assume there is no spatial separation between receivers to investigate the effects of frequency diversity. Therefore, (ΔD T j,q + ΔD R i,l ) f /c term in (13) disappears. D T j and D R i are found by using their relationship with R r . Since the distance between antennas and scattering common volume is much higher than the radius of common volume (R t,r r 10dB ), we can use far distance approximation in which R t and D T j are assumed to be parallel to each other. In the same way, R r and D R i also become parallel as shown in Fig. 4 . By performing the required geometrical calculations, the D T j and D R i is represented as
The proof of these equations are left to the reader. Since the troposcatter path is assumed as symmetrical, R t = R r . Thus,
By using (12) , (13) and (16), the covariance expression for frequency diversity is given as Fig. 5(a) presents the fading correlation vs. the frequency separation for different beam-widths in a 250 km and correlation distance 50 m troposcatter link. As in the space diversity, the increase in the beam-width decreases the correlation due to the increase in the common volume. According to the empirical recommendations provided by ITU [3] , the frequency spacing between antennas (Δ f ) should be Fig. 5(a) ), 10 MHz and greater frequency separations allow the antennas to be uncorrelated in the frequency diversity systems. In addition, [4] , [5] provides experimental frequency correlation results for the troposcatter links. To this end, Fig. 5(c) provides the experimental frequency correlation results (Fig. 9 in [5] ) along with the RSM results by using the experimental channel parameters: 192 km and 1.17 • 3 dB beam-width at 7.6 GHz. As noticed, the trend of the experimental and RSM results are similar. However, the results of the RSM model is higher than the experimental results. This situation can be caused by the atmospheric conditions of the experiment site. However, the behavior of the frequency correlation can be wellcaptured with the RSM method.
The frequency separation formula (17) depends on the range by (9) as in the ITU's formula [3] . Fig. 5(b) presents the fading correlation vs. range and frequency separation with the RSM for 1.5 • 3 dB beam-width and 50 m vertical correlation distance. According to our results, the increasing range decreases the fading correlation at the same frequency separation value because the increasing range also cause increase in the troposcatter common volume. Also, the ITU's frequency separation formula is inversely proportional to range.
Most importantly, the analytical fading calculations for the frequency diversity can be utilized to derive the coherence bandwidth of the channel for 50% correlation. According to our results, 250 km troposcatter link at 4.7 GHz and 3 m antenna diameter have B c (50) ≈ 2 MHz. Therefore, the channel will have frequency-selective fading for bandwidths greater than 2 MHz. In such cases, the channel requires the implementation of orthogonal-frequency-division-multiplexing (OFDM) to mitigate the effects of frequency-selective fading. In this paper, we focus on the high data rate employments of troposcatter communications. Thus, we use higher bandwidths than the coherence bandwidth and introduce OFDM capacity calculations for the troposcatter systems by using our previously developed ray-based method [1] in Section V.
E. Space-Frequency Diversity
Troposcatter systems can also use the combination of diversity techniques. Space-frequency diversity is a promising technique which can provide higher data rates with low cost. Space-frequency diversity systems utilize horizontally placed antennas with frequency diversity. Since the frequency diversity antennas can be mounted on the same parabolic reflector antenna, higher gains can be achieved with the space-frequency diversity by using the same number of parabolic reflector antennas as in space diversity. Therefore, we derive analytical expressions for the correlation between antennas as a function of spatial and frequency separation.
By using (12) and (13), the fading correlation for spacefrequency diversity can be found directly using the same methodology as in the frequency diversity part. For the 2 receivers that are communicating with the same transmitter, ΔD T j,q = 0. Therefore, by combining (12), (13) , and (16) for horizontally placed antennas (d R x = 0), the covariance expression for the space-frequency diversity is found as
is calculated with numerical integration on MATLAB. Fig. 6 shows the fading correlation for space-frequency diversity for 250 km range, 50 m vertical correlation distance and 1.5 • 3 dB beam-width. As noticed, the required frequency separation for low correlation decreases with the increasing spatial separation. Similarly, the required spatial separation can be decreased with the frequency separation. For this reason, this employment is especially promising for systems that require placement of multiple antennas in close distances by using both parameters to achieve higher gains in MIMO. 
F. Angle Diversity
Vertical angle diversity is also a promising method for the troposcatter communications because 2 × 2 vertical angle diversity system can form four different troposcatter common volumes. In addition, the angle diversity receivers can be mounted on the same parabolic reflector. Therefore, the cost of additional antennas will be low compared to space diversity. When the angle spacing of the antennas are higher than the beam-width of the antennas, the troposcatter common volumes will not intersect, and there will be low correlation between the troposcatter common volumes. However, in practical employments, troposcatter systems use very low angular separations because higher angular separation causes increase in the path lengths, and results in more path loss. In angle diversity, the source of the correlation between antennas is the intersection of two different troposcatter common volumes as in Fig. 7 .
In RSM method, scatterers are assumed to be located just within the ring to make simple theoretical analysis. However, angle diversity system can be analyzed without this assumption with slight modification of the proposed model. For the angle diversity, the shape of the common volume is modeled as parallelogram as in Fig. 7 . The only source of correlation is the intersection of the lower and upper common volumes. The rays that are associated with the intersection point have the same path lengths because the receivers are mounted to the same parabolic reflector, so that (ΔD T j,q + ΔD R i,l ) = 0. Therefore, the correlation for the angle diversity is given as
where Δw is the angular spacing, G A t,r are the Gaussian antenna gain functions which is given as G A t,r (Θ) = exp(−Θ 2 / (0.6 × w 3dB )
2 ) [15] . The middle of the scattering volume is assumed as the reference point for the correlation function B n . The scattering height h and the center height of the troposcatter common volume h C is given as [14] Fig. 8 shows the angular fading correlation for different beam-widths for 250 km and 50 m vertical correlation values. As noticed, the fading correlation becomes very low when the angular separation is higher than the 3 dB beam-widths, as also suggested in [2] . Since the intersecting region will be higher for higher beam-widths, the correlation for the higher beam-widths are higher in the same separation values. The similar results can be found in [8] for lower 3 dB beam-widths.
Since increase in the angle causes increase in the path lengths and scattering angle, the upper beam will have considerably higher path-loss. This path-loss difference between lower and upper common volumes is called as squint-loss. The results for the squint-loss are presented in Section VI-A.
IV. RAY-BASED TROPOSCATTER CHANNEL MODELING APPROACH
In this work, we utilize our previously developed ray-based method [1] to compare different diversity techniques in terms of data rate. In addition, we present simulation results for the squint-loss in the angle diversity case. In [1] , the beam-width of the antennas are divided into small parts, thus the delay and power calculations for each ray are performed separately. In this way, each ray is subjected to different atmospheric conditions according to its path.
The ray powers are calculated with differential bistatic radar equation
where P t is the transmit power in Watt (W), G t,r are the antenna gains for transmitter/receiver. ρ is the polarization mismatch factor. σ V is differential scattering cross-section. The atmospheric profiles are included via the scattering cross-section. We define the differential scattering cross-section by using Rayleigh scattering and Kolmogorov spectrum [16] . In this way, our model can take the real world water-vapor mixing ratio measurements [17] as input to model the nonhomogeneities and fluctuations in the air turbulence. The differential scattering cross section is represented as [1] 
where k is the wave-number, Ψ is the scatter angle, dV c is the differential scattering volume. In addition, Φ(k s ) is the Kolmogorov spectrum which is formulated as [16] 
where k s = 2k sin(Ψ/2). C n is the structure constant of the refractive-index which is directly generated by using the watervapor mixing ratio measurements [17] (For more details [1] ).
V. MAXIMUM DATE RATE
In this section, we present the calculations for the achievable data rates that can be provided by the b-LoS troposcatter communication under the employment of different diversity techniques. To this end, we improve our ray-based channel modeling approach [1] to implement the diversity techniques in the troposcatter channel with MIMO-OFDM.
A. System Model for Maximum Date Rate
The block diagram of MIMO-OFDM troposcatter system is in Fig. 9 . In this work, only single-user to single-user link is considered to show the performance of the troposcatter channel, and the channel is assumed to have slow fading. Full CSI is assumed at both sides of the communication. Therefore, the maximum ratio transmission technique [18] is utilized. In this technique, the transmitter beam-forming is implemented with maximum-ratio-combining (MRC). Transmitter beam-forming with MRC reception is also called as MIMO-MRC. In frequency domain, the M r × 1 received signal vector for kth OFDM tone (y[k]) is given as
where s is the transmitted symbol with average power P s , w t is the transmitter beam-forming vector, n represents AWGN vector, and N is the number of OFDM tones.
where (.) H represents the conjugate transpose operation, w r is the receiver beam-forming vector. By using the following property w r 2 = 1, the SNR for kth tone can be found with the following expression [19] 
where γ = P s /N 0 is the average SNR per receive antenna. Since we have the w t 2 = 1 constraint for the transmit beam-forming vector, w H t H(e j2πk/N ) H H(e j2πk/N )w t is on the unit sphere. This expression is maximized by the λ max , the largest eigenvalue of H(e j2πk/N ) H H(e j2πk/N ) (For more detail, see [18] [19] [20] ). Therefore, the maximum achievable data rate, capacity, is given by
where P t is the total power constraint, B N is the bandwidth of the each sub-channel (B/N), λ k max is the largest eigenvalue for H(e j2πk/N ) H H(e j2πk/N ). σ 2 n is the noise power in W/Hz which is modeled as thermal noise. In addition, P k is the allocated power for kth OFDM sub-channel and they are calculated by the wellknown water-filling algorithm [21] 
where γ 0 is the cutoff value and γ k = λ max P t /σ 2 n B N . By using (28) and (29), the capacity is simplified into [21] 
Up to now, the framework for the capacity calculations is formed. The remaining of the section includes how to generate H(e j2πk/N ) matrix with our previously proposed ray-based method and RSM for fading correlation.
B. Channel Gain Matrix for Diversity Techniques
To generate H(e j2πk/N ), we first use the channel matrix normalization to exclude the effects of large-scale path loss which is calculated by the ray-based technique [1] . The largescale path loss is derived by using real world measurements as described in Section IV. The small-scale fading is assumed as Rayleigh fading as suggested in [3] , [7] , [15] , [22] , [23] . Normalized channel gain matrixH(e j2πk/N ) is found as [24] H(e j2πk/N ) = H(e j2πk/N )
where . F is the Frobenius norm. Thus, the average SNR on the channel is found as [24] , [25] 
where SNR av is the average receive SNR that is calculated with the ray-based method. As described in Section IV, the watervapor mixing ratio measurements are utilized for atmospheric modeling, and the data set includes 1000 measurements that are measured in August near Cape Verde Islands [17] . Therefore, the average SNR is calculated for each measurement instant to model the atmospheric fluctuations. With the channel normalization, (27) 1) Space Diversity: With the correlation results that are generated in Section III-C, the normalized channel gain matrix is modeled as [26] 
where G is the complex Gaussian iid matrix.
is the root of the receiver antenna correlation matrix
which is found by Cholesky factorization. (R T X H ) is the transmitter correlation matrix. 2) Frequency Diversity: Since the frequency separation between antennas nulls the cross components, there are M t = M r parallel channels in frequency diversity. Therefore, G in (34) is generated as diagonal matrix for frequency diversity.
3) Space-Frequency Diversity: Since the frequency diversity is provided with only one parabolic reflector, we can use horizontally placed antennas with frequency diversity, and achieve quad-diversity. Suppose that N SFD represents the number of parabolic reflectors in one side and there are equal number of them in each side, G matrix in (34) for the spacefrequency diversity becomes
where G 1,...,N SFD represents the complex Gaussian iid channel matrix with M F × M F , where M F is the number of frequency used for the frequency diversity. The function diag forms a block diagonal matrix from its input arguments.
4) Angle Diversity:
In angle diversity, the increase in the elevation angles cause significant decrease in the average SNR. Instead of channel matrix normalization, the average SNR for each antenna pair is calculated separately for M t = M r case. (27) 
VI. PERFORMANCE EVALUATION
In this section, we compare the troposcatter diversity techniques by using maximum data rate simulations. In addition, we present the squint-loss results for the angle diversity.
A. Squint-Loss Results
For space and frequency diversity cases, the antennas utilize the same vertical orientation. Therefore, different antenna pairs in space and frequency diversity systems can maintain the same average received power levels. On the other hand, the angle diversity utilize angular separation and upper beam is subjected to significantly higher path-loss because both the path lengths and the scattering angle increase. For this reason, we analyze the additional path-loss caused by the angular separation which is also known as squint-loss. We utilize the ray-based channel model [1] as in Section IV for the following channel parameters: 250 km, 4.7 GHz carrier frequency, 41.5 dB antenna gains in each side. Fig. 10 includes the squint-loss results for different beam-widths. As noticed, the squint loss increases with increasing beam-width because the separations are given in beam-widths. Similar results for the squint-loss is presented in [9] for the angle diversity. According to the experimental results, the upper and lower beams show 5-10 dB squint-loss for 0.6 • 3 dB beamwidth and 1 • beam separation (Δw ≈ 1.6 in beam-width). As noticed in Fig. 10 , the average squint-loss calculated with [1] is also in the experimentally measured range.
B. Maximum Data Rate Results
We present the achievable data rate simulation results by using the RSM to estimate the required separations for the partial correlation between antennas. The required separations for partial correlations (for ρ = 0.5) can be found in Table I .
The troposcatter simulation parameters can be found in Table II . In addition, there are 1000 atmospheric measurements in the used data sets [17] . We perform 1000 realization for the random G matrix as in Section V-B. Therefore, the maximum data rate results are generated with the total of 1 million realization by using the ray-based model [1] in MATLAB. Fig. 11 presents the cumulative distribution function (CDF) of the data rate for different diversity techniques. As expected, 2 × 2 space diversity provides significantly higher data rates compared to frequency and angle diversity. In addition, the span of achievable data rates decreases with the space diversity, thus the additional antenna makes the channel more reliable. However, 2 × 2 frequency diversity provides the lowest data rate gains because the frequency separation between antennas nulls the cross antenna signal powers. On the other hand, 2 × 2 angle diversity, which can be performed with only 2 parabolic reflectors, has significantly higher performance compared to the frequency diversity. Since the increase in the elevation angle decreases the received power of the additional troposcatter common volumes, the space diversity outperforms the angle diversity.
Although the frequency diversity has the worst achievable data rate performance, the space-frequency diversity can provide quad diversity by using 2 parabolic reflectors in each side. In this case, there are 2 horizontally placed antennas, and each antenna mounted with 2 × 2 frequency diversity receivers. As seen in Fig. 11 , the achievable data rate performance of the space-frequency diversity is higher than the space diversity, and its implementation is much more economical compared to adding additional parabolic reflector antennas.
VII. CONCLUSION
In this paper, RSM for fading correlation is proposed to investigate the fading correlation between antennas for space, frequency, angle and space-frequency diversity. In addition, we compare these diversity techniques with their distribution of achievable data rates. According to our results, space-frequency diversity systems can provide more than 10% increase in the achievable data rates. Since the implementation of frequency diversity does not require additional parabolic reflector, space-frequency diversity systems are much more economical compared to adding additional antennas. Furthermore, the simulation results shows that the high powered b-LoS troposcatter communication can provide more than 8 Mbps at all times. Therefore, the troposcatter communication is a promis- ing candidate for high data rate b-LoS communications with the employment of diversity techniques.
APPENDIX A INTEGRAL BOUNDS
In (8) , the integral bound is given as the whole ring defined by the 10 dB beam-width. However, the lower part of the ring should be excluded from the integral as also shown in Fig. 12 .
To this end, we define a function ζ(r, θ) to exclude this area from the integral, and it is given as ζ(r, θ) = ⎧ ⎨ ⎩ 0, if r > r 10dB cos(π/2 − θ + α 0 ), and π − α 0 + ϕ > θ > α 0 + ϕ 1, otherwise (37) where ϕ = arcsin(r 3dB /r 10dB ).
APPENDIX B ANTENNA GAINS
Since RSM model utilize the 10 dB beam-width of the antennas, we include the antenna gains in the correlation calculations. To this end, we utilize Gaussian antenna pattern [15] . For the RSM method, we also need to represent the antenna gains as a function of r and θ. To this end, we utilize Fig. 2 and geometrical approximations that are introduced in Section III-C, thus the antenna gains is represented as 
G r (r, θ) =e 
Since the separation between antennas is very small in the troposcater communication between 70-100λ, there will be a small difference between the scattering angles for the different antenna pairs in the space diversity. In frequency and angle diversity, the antennas are mounted on the same parabolic reflector therefore, the scattering angles will be same therefore, we assume Ψ 1 = Ψ 2 . Thus, the ξ can be further simplified as 
